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1 Introduction
, 4 Yang-Mills heat flow “small data global existence problem))
, .
$M$ 4 , $G$ Lie , $SO(l)$ $SU(l)$
Lie . , $P$ $M$ $G$- . , $P$
, Yang-Mills
$E(D)= \frac{1}{2}\int_{M}|F_{D}|2dV$ (1.1)
. (1.1) Yang-Mills . (1.1) Euler-Lagrange
$d_{D}^{*}F_{D}=0$ (12)
. (1.2) , $D$ 2 . heat flow
$\{$
$\partial_{t}D=-d_{D}^{*}F_{D}$ , in $[0, \infty)\cross M$ ,
$D(\mathrm{O}, x)=D_{0}(x)$ , on $M$
(1.3)
Yang-Mills heat flow . 4 Yang-Mills heat flow
, Struwe [5] $\mathrm{K}_{\mathrm{o}\mathrm{Z}\mathrm{o}\mathrm{n}}\mathrm{o}-\mathrm{M}\mathrm{a}\mathrm{e}\mathrm{d}\mathrm{a}- \mathrm{N}\mathrm{a}\mathrm{i}\mathrm{t}\mathrm{o}[1]$ , .
Theorem 11(Struwe [5], $\mathrm{K}\mathrm{o}\mathrm{z}\mathrm{o}\mathrm{n}\mathrm{o}-\mathrm{M}\mathrm{a}\mathrm{e}\mathrm{d}\mathrm{a}-\mathrm{N}\mathrm{a}\mathrm{i}\mathrm{t}\mathrm{o}[1]$). $D_{0}$ , (1.3)
$(0, \infty]\mathrm{x}M$ $D(t)$ . , $D(t)$ $(0, \infty]\mathrm{x}M$ $S$




$D(t)$ (1.4) (Theorem 21)
.
Corollary 12. $D_{0}$ $E(D_{0})<\in$ , (1.3) $(0, \infty)\mathrm{x}M$ $D(t)$
.
1076 1999 57-64 57
, 4 Yang-Mills $P$ ;
: $P$ $D$
$E(D)\geq|p_{1}(P)|$ , $p_{1}(P)= \frac{1}{2}\int_{M}F_{D}\wedge F_{D}$ (1.5)
. , $p_{1}(P)$ $P$ , $4\pi^{2}$ . , $p_{1}(P)\neq 0$
, Corollary 12 .
4 Yang-Mills heat fllow , , (1.5)
, .
Problem 13. $\epsilon_{1}>0$ , $D_{0}$ $E(D_{0})<\mathcal{E}_{1}+|p_{1}(P)|$ , (1.3)
$(0, \infty)\mathrm{x}M$ $D(t)$ ?
, $tarrow\infty$ , $D(t)$ Yang-Mills ?
Schlatter [4] .
Theorem 1.4 (Schlatter [4]). $M,$ $P$ :
1. $M=S^{4}$ $|p_{1}(P)|=4\pi^{2}$ ,
2. $P$ $SO(3)$ , $|p_{1}(P)|\leq 12\pi^{2}$ .
, $M$ $\epsilon>0$ , $E(D_{0})<\epsilon+|p_{1}(P)|$ , (1.3)
$D_{0}$ $D(t)$ , $t=\infty$ .
, Problem 13 .
Theorem 15 (Maeda-Naito [3]). $E(D_{0})<8\pi^{2}+|p_{1}(P)|$ , (1.3) $D_{0}$
$D(t)$ ) $t=\infty$ .
2
, Yang-Mills Yang-Mills heat flow .
$D$ $P$ , $F_{D}$ . $F_{D}$ $\mathrm{g}$ $M$ 2- ,
, $F_{D}\in\Omega^{2}(\mathrm{g}_{P})$ . , $\{U, V, \cdots\}$ $M$ , $U\cap V$
$\emptyset uv:U\cap Varrow G$ , $\{\emptyset uv\}$ ,
$F_{U}=\phi_{UV}^{-}1$ . $F_{V\phi}.UV$
. , $\Omega^{2}(\mathrm{g}_{P})$ , Hodge star operator $*:\Omega^{2}(\mathrm{g}_{P})arrow\Omega^{2}(\mathrm{g}_{P})$
, $\dim M=4$ , $*^{2}=\mathrm{i}\mathrm{d}$ . , $\Omega^{2}(\mathrm{g}_{P})$ $*$ ,
$\Omega^{2}(_{9P})=\Omega_{+}^{2}(_{9P})\oplus\Omega^{2}-(\mathrm{g}_{P})$, $\Omega_{\pm}^{2}(\mathrm{g}_{P})=\{\omega\in\Omega 2(_{9P}):*\omega=\pm\omega\}$





. , $p_{1}(P)$ $P$ 1 ( $4\pi^{2}$ ) , $P$
. , $p_{1}(P)$ $D$ , . ,
$E(D)=$ $\backslash ’\frac{1}{2}\int_{M}|FD-*FD|^{2}dV+p1(P\frac{1}{2}\int_{M}|F_{D}+*FD|^{2}dV-p1(P)),$
,
$(p_{1(P)}(p_{1}(P)\geq 0\leq 0\text{ })\text{ })\}\geq|p_{1}(P)|$
. , $F_{D}rightarrow-\pm*F_{D}$ , , $P$
. , $D$ ( ) .
$\mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{g}- \mathrm{M}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{S}^{-}\mathrm{h}\mathrm{e}\mathrm{a}\mathrm{t}$flow , .
Theorem 21. $D(t)$ (1.3) ,
$\frac{d}{dt}E(D(t))=-\int_{M}|d_{D}^{*}F_{D}|^{2}dV$
. , .
Yang-Mills heat flow , (Bochner-Weiztenb\"ock formula)
.
Proposition 22. $D(t)$ (1.3) , .
$\partial_{t}F_{D}=\nabla_{D}^{2}F_{D}+R(F_{D})+[F_{D}, F_{D}]$ .
, $R$ $M$ . ,
$\partial_{t}|F_{D}|\leq\triangle|F_{D}|+C|F_{D}|+C|F_{D}|^{2}$
.
, Yang-Mills heat flow , $D(0)$ $-$ ( , $F_{D}(0)arrow\in L^{2}(M)$
$)$ , $\dim M=4$ , critical non-linearity
1 .
3
, ( ) :
$\partial_{t}D=-2d_{D}^{*}F_{D}^{+}$ , (3.1)
$\partial_{t}D=-2d_{D}^{*}F_{D}^{-}$ . (3.2)
Lemma 3.1. 3 .
1. $D(t)$ (1.3) .
2. $D(t)$ (3.1) .
3. $D(t)$ (3.2) .
1 , ( ) , critical non-linearity
.
59





Lemma 32. $D(t)$ (1.3) , $E_{\pm}(D(t))$ .
Proof. , $P\pm:\Omega^{2}(\mathrm{g}_{P})arrow\Omega_{\pm}^{2}(9P)$ , $d_{D}^{\pm}=p\pm\circ d_{D}$ . $d_{D}\partial_{t}D=\partial tFD$ , (1.3)
$d_{D}^{\pm}$ ,
$\partial_{t}F_{D}^{\pm}=-d_{D}^{\pm}d_{D}^{*}F_{D}=-2d_{DD}^{\pm}d*F_{D}^{\pm}$ (3.3)
. (3.3) $F_{D}^{\pm}$ , $M$ ,
$\frac{d}{dt}E_{\pm}(D(t))=\frac{d}{dt}\frac{1}{2}\int_{M}|F_{D}^{\pm}|^{2}dV=-2\int_{M}\langle d_{DD}^{\pm}d*F_{DD}\pm, F\pm\rangle dV=-2\int_{M}|d_{D}^{*}F_{D}^{\pm}|^{2}dV\leq 0$
.
, (3.1) (3.2) , , $E\pm$ heat flow ,
. , (3.1), (3.2) Bochner-Weitzenb\"ock
formula .
Proposition 33. $D(t)$ (1.3) , .
$\partial_{t}F_{D}^{\pm}=\nabla^{2}DF^{\pm}-\frac{\kappa}{6}F^{\pm}DD+F_{D}^{\pm}\circ W_{\pm}+[F_{D}^{\pm}, F_{D}^{\pm}]$ .
, $\kappa$ $M$ , $W\pm$ $M$ Wely . , $X,$ $Y\in \mathrm{g}$ ,
$|[X, Y]|\leq\sqrt{2}|X||Y|$ 9 ,
$\partial_{t}|F_{D}^{\pm}|\leq\Delta|F_{D}\pm|-K_{\pm}|F\pm D|+\frac{2}{\sqrt{3}}|F^{\pm}|^{2}D$
. , $K \pm=\frac{1}{6}\min\kappa-\mu\pm,$ $\mu\pm\geq 0$ $W\pm$ .
4
, $p_{1}(P)>0$ , $E(D(\mathrm{O}))<p_{1}(P)+2\epsilon_{1}$ . , $E_{-}(D(\mathrm{O}))<\epsilon_{1}$
. , , $E_{-}(D(\mathrm{O}))=E_{-}(\mathrm{O})<\epsilon_{1}$ , (3.2)
.
, Sobolev : $u\in\dot{W}^{1,2}(M)$
$( \int_{M}|u|4dV)^{1}/2\leq S^{-1}\int_{M}|\nabla u|^{2}dV+V_{0}^{-1/2}\int_{M}|u|^{2}dV$ (4.1)
. (cf. Li [2]) , $V_{0}=\mathrm{V}\mathrm{o}\mathrm{l}(M)$ , $M$ , $S$
$M$ .
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Lemma 41. $0<T<\infty$ ,
$\int_{T}^{\tau+\delta}\int_{M}|\nabla_{D}F_{D}^{-}|^{2}dVdt\leq C(1+\delta)$
. , $C$ $E_{-}(\mathrm{O}),$ $S,$ $K_{-},$ $V\mathit{0}$ .
Proof. Bochner-Weitzenb\"ock formula (Proposition 33), H\"older , Sobolev (4.1) ,
$\frac{1}{2}\frac{d}{dt}\int_{M}|F_{D}^{-}|^{2}dV+\int_{M}|\nabla_{D}F_{D}-|^{2}dV$
$=- \int_{M}\frac{\kappa}{6}|F_{D}-|2dV+\int_{M}\langle F_{D}^{-}\circ W-, F_{D}-\rangle dV+\int_{M}\langle[F_{D’ D}^{-}F-], F_{D}^{-}\rangle dV$
$\leq-K_{-}\int_{M}|F^{-}|2dV+\frac{2}{\sqrt{3}}D(\int_{M}|F_{D}^{-}|2dV)1/2(S^{-1}\int M\nabla_{D}|F_{D}-|2dV+V^{-}0\int 1/2|MF^{-}D|^{2}dV)(4.2)$
. , ( $\frac{=^{0)}8E_{-}(\mathrm{Q}\mathrm{Q}}{}<1$ $\epsilon_{1}>0$ ,
(4.3)
. , $C$ $E_{-}(\mathrm{O})$ $S$ . \supset -C, $(4.\overline{S})x\lfloor \mathrm{U},$ $\mathit{1}\rfloor$ -L C ,
.
Lemma 4.2. $2<p<3,0<T<\infty$ ,
$\int_{T}^{T+\delta}\int_{M}|F_{D}^{-}|^{p}dVdt\leq C(1+\delta)$ (4.4)
. $C$ $E_{-}(\mathrm{O}),$ $S,$ $K_{-},$ $V_{\mathit{0}_{J}P}$ .
,, $E_{-}(\mathrm{O})$ $P(2<p<3)$ ,, $0<T<\infty$ ,,
$T<t< \sup_{\tau+\delta}\int_{M}|F_{D}^{-}|^{p}dV\leq c(1+\delta)$ (4.5)
. $C$ $E_{-}(\mathrm{O}),$ $S,$ $K_{-},$ $V_{0}$ .
Proof. (4.4) . $2<p<3$ , H\"older , Sobolev (4.1) ,
$\int_{M}|F_{D}-|\mathrm{P}dV\leq(\int_{M}|F_{D}^{-1}2dV)^{\overline{2}}(\int_{M}|F_{D}^{-}|^{4}dV)^{\overline{2}}$
$\leq(\int_{M}|F_{D}^{-1)^{4-}}2dV\neq(s^{-1}\int_{M}|\nabla_{D}F_{D}^{-1V\mathit{0}}2dV+-1/2\int_{M}|F_{D}-|^{2}dV)^{p-2}$
. , H\"older ,
$\int_{\tau}^{\tau+\delta}\int M|F_{D}-|pdVdt\leq(\int_{\tau}^{\mathit{1}+0}(\int M|F_{D}^{-}|2dV\mathrm{I}^{\overline{2(\mathrm{s}-\mathcal{P}}})dt)$
$\cross(S^{-1}\int_{\tau}^{\tau}+\delta\int MD|\nabla F^{-1}2dVdt+V_{\mathit{0}}-1/2\int_{T}DT+\delta\int M)^{p-2}|F_{D}-|^{2}dVdt$
$\leq\delta^{3-p}\sup_{\tau<t<\tau+\delta}(\int M||F-2dVD)\neq 4-(s^{-1}\int_{\tau}\tau+\delta\int M\int|\nabla_{D}F^{-1dt}2dV+V\mathit{0}^{-1}+\tau\delta\int_{M}D|F_{D}-|^{2}dVdt)^{p-2}/2T$








. , $p>2$ , $\frac{4(p}{p}\overline{\mathrm{z}}^{\underline{1)}}>\sqrt{=8E_{-}(0)3S}$ ,
$\frac{1}{p}\frac{d}{dt}\int_{M}|F_{D}^{-}|^{\mathrm{p}}dV+C\int_{M}|\nabla|F_{D}^{-}|^{3}|^{2}dV\leq C\int_{M}|F_{D}^{-}|^{p}dV$ (4.6)
. , (4.6) $[0, T]$ , (4.4) , (4.5)
Theorem 4.3. $\sup$ $|F_{D}^{-}|\leq C$ . $C$ $E_{-}(0)_{2}S,$ $K_{-},$ $V_{0}$ , $T$
$0<t<\infty x\in M$
.
Proof. Lemma 4.2 , $p>2$ $\delta<T<\infty$ , $|F_{D}^{-}|\in L^{\infty}(T-\delta, \tau+\delta;L^{p}(M))$
. , Moser , $T>\delta$ ,
$\sup_{T<t<\tau+\delta}|F_{D}^{-}|^{2}\leq\frac{C}{\delta}\int_{\tau_{-}\delta}^{\tau+\delta}\int_{M}|F_{D}^{-}|^{2}dVdt$ (4.7)
. , ,
$\tau<t<\tau+\sup_{\delta}|F-|^{2}D\leq cI_{M}|F_{D}-(T-\delta)|^{2}dV\leq CE-(\mathrm{o})$ (4.8)
. , $T$ ,
$\sup_{\delta<t<\infty}|F_{D}-|^{2}\leq CE_{-}(\mathrm{o})$
. , , $0<t\leq\delta$ ,
.
higher regularity , $\sup$ $|\nabla_{D}^{n}F_{D}|\leq C$ .
$0<t<\infty x\in M$
Theorem 4.3 , $D(\mathrm{O})$ $E_{-}(\mathrm{O})<3S^{2}/8$ ,
$T$ $F_{D}(t)$ . , $F_{D}$ $D$ .
, $U$ , $D=d+A$ , $A$ .
Proposition 4.4. $U$ $D(t)=d+A(t)$ . ) $P$
$(2\leq P<\infty),$ $T<\infty$ , $A(t)\in L^{\infty}(\mathrm{O}, \tau;Lp(U))$ .





, (4.9) $(T, T+\delta)$ ,
$T$.
$<t< \sup_{+\tau\delta}||A||_{L^{\mathrm{p}(}}U)\leq C\delta+||A||_{Lp(}U)$
. , $||A(t)||_{L^{\mathrm{p}}(U)}$ .
, , $A(t)\in W^{n,\infty}(0, T;Lp(U))$ .
$U_{\alpha},$ $U_{\beta}$ , $U$ $\cap U_{\beta}\neq\emptyset$ . U , $\{g_{\alpha\beta}\}$
$dg\alpha\beta=g_{\alpha\beta}A_{\alpha\beta}-Ag_{\alpha}\beta$ , $\{g_{\alpha\beta}\}$ . , $D(t)$
$\dot{\text{ }}$ . , .








. , $t_{i}arrow\infty$ $\{t_{i}\}$ , (4.11) $[t_{m}, t_{n}]$ ,
$E_{+}(D(t_{n}))-E_{+(}D(tm))=E_{-}(D(t_{n}))-E_{-(}D(tm))$ (4.12)
. - , $E_{-}(D(t))$ Cauchy , (4.12) $0$ .
, $E_{+}(D(t))$ Cauchy . , $F_{D}^{+}(t)$ $L^{2}(M)$ . , $F_{D}(t)$
$L^{2}(M)$ , (4.10) .
, Uhlenbeck [7] , $\{D(t_{i})\}$ (4.10) , $\mathit{9}\alpha\beta(t_{i})$
$\sim^{*}(t_{i})D(to)$ .




$K_{-}>0$ , $E( \mathrm{O})<\min\{\frac{3S^{2}}{4}, \frac{3K_{-}^{2}V_{0}}{4}\}$ if $p_{1}(P)>0$ ,
(5.1)
$K_{+}>0$ , $E( \mathrm{O})<\min\{\frac{3S^{2}}{4}, \frac{3K_{+}^{2}V_{0}}{4}\}$ if $p_{1}(P)<0$
, .
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Theorem 5.1 (Maeda-Naito [3]). $M,$ $P,$ $D_{0}$ (5.1) . , (1.3)
$D_{0}$ $D(t)$ , $t=\infty$ , $tarrow\infty$ , .
, Lemma .
Lemma 52. $0<T<\infty$ ,
$\int_{M}|F_{D}^{-}|^{2}dV\leq E_{-}(0)e^{-C_{1}\tau}$
. , $C_{1}$ $E_{-}(\mathrm{O}),$ $K_{-},$ $V_{0}$ .
Lemma 5.2 $||A(t)||_{L^{\mathrm{p}}(u)}$ $tarrow\infty$ – , , $D(t)$
.
Theorem 1.5 $tarrow\infty$ , $D(t)$ (
) , Theorem 51 , , $D(t)$
.
5.2
, Theorem 15, Theorem 5.1 .
Sobolev $S$ Talenti [6] , $S=8\pi$ . , Theorem 1.5
$\overline{\sqrt{6}}$
\epsilon 1 $=3S^{2}/\mathit{4}=8\pi^{2}$ . , $|p_{1}(P)|=1$ $P$ ( )
2 .
, $M$ $S^{4}(1)$ , $S^{4}$ , $W\pm=0$ . ,
$\kappa\equiv 12$ , $K\pm=2$ . , Theorem 51 , $V_{0}=|s^{4}(1)|= \frac{8}{3}\pi^{2}$
, $3K_{-}^{2}V_{0}/\mathit{4}=8\pi^{2}$ .
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